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Antidifferentiation

b
he Fundamental Theorem of Calculus shows that the area under the curve, j f(x) dx , can be calculated
with a function g(x) whose derivative is g’(x) = f{x): ?

[ Seyae = lscok = ) - a2

Because of this, the symbol J , without the limits of integration, is used to represent the opposite of

b
taking the derivative. An integral like J f(x) dx is called a definite integral because it represents a definite area.

Q

An integral like j fix)dx is called an indefinite integral because it represents another function.
Thus, J flx)dx means the antiderivativeof f(x) or “the function whose derivative is f{x) ” For exam-
ple, j 2xdx asks “whose derivative is 2x ?” This could be »* because d—‘i(xz) = 2x. However, it could also

be »* + 5 because d—d"c(x2 + 5) = 2x as well. In fact, because the derivative of a constant is zero, [Zxdx

could be %* plus any constant. Therefore, we write J 2xdx = % + ¢ where cis any constant.

—REEE—



: Bracket Note

The brackets [E are just a way of keeping track of the limits of integration a and b before they are

plugged into g(x) and subtracted.

Again, because mathematicians are lazy, we usu-
ally simply write IZxdx = x* + ¢ and assume that

everyone knows that the ¢ stands for “some constant.”
In many ways, the “plus ¢” is the trademark of the
indefinite integral because every problem that begins

with J()dx ends with + ¢.

s If we are dealing with a definite integral like
J 2xdx , then it does not matter what constant we
3

use. For example:
5

J 2xdx = [2 + cf}
3

=(54+¢)—(3*+¢)

=25+4+c¢c—9—-c=16

The “plus ¢” will always cancel out in the subtraction,
so we may as well simply use ¢ = 0 and write:

5
JZxdx=[x2]§=52—32=25—9=16
3

Example
Use %(x’ + 102% + 3x) = 355 + 20x + 3 to

evaluate J(3xz + 20x + 3)dx and

2
j (3% + 20x + 3)dx.
1
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Solution
Because d—‘jc(x3 + 1022 + 3x) = 322 + 20x + 3, we
know that:

J(3x2+20x+3)dx =+ 102 +3x+ ¢

Similarly,

2
J (3% + 20x + 3)dx = [2 + 1022 + 3af
1

2
J(3x2+20x+3)dx=
1

(2 +10-(2)* +3-(2)) —
(1 + 10-(1) + 3+(1))

J (322 + 20x + 3)dx =

8+40+6—(1+10+3)=54— 14 =40

The general rules for antiderivatives are fairly
simple. To take the derivative of flx) = x°, we first
multiply by the exponent 5, and then we subtract one
from the exponent. Thus, f'(x) = 5x.

To antidifferentiate JSx“dx, we must do the

exact opposite of this process. First, we add one to the
exponent, and then we divide the result by the new




Verification Hint

You can verify your answer by taking its derivative. If the derivative of your answer is what you were try-
ing to integrate, then you are correct.

The derivative of 2 +c s l(gxg+c) =§-~§x%+o=x%= Vx. This verifies that

3 dx\ 3
\/;dx=gx§+c.
3

G+l Solution
exponent. Thus, JSx“ =asite= £ +c.In
general, we write: J 2 P = [ 1 x{r
0 4 b
xn+l
x'dx = +cifn# —1
n+1 2x§d 1 ., 1
0 Ix = 4-2 - 4-0
Example =i.15—i.0=4—0=4
Evaluate [fdx.
Solution > Practice
P 1
J’g dx = 2+l ¢ gxs te Evaluate the following integrals.
Example 1. stdx
Evaluate J\/J_cdx
2. Jx’zdx
Solution
3. Juﬁdu
f\/:—cdx = J dx
1+1 H \ 6
=1y +c=x7+c=§x5+c 4.Jx2dx
2 t1 2 0
9
Example 5. dex
2
Evaluate dex l
0
6. J 3t




rZ
7. Pdt

J-1
8. rx§dx
9. | Vxdx

S

10. | Vudu

11. | 5dx

4

J
12. JSdt
13. I 8dx

-1

4

1
Lo

Just as with derivatives, constants can stand aside,
and the terms of sums can be dealt with separately.

Example

Evaluate J 5x%dx.

Solution
[szdx = 5(%:3) + ¢
JSx’dx = %x’ +c
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Example

Evaluate J(Zf’ — 8t+ 7)dt.

Solution

I(Z?—8t+ 7)dt=2-it4— 8-%t2+ 7t+ ¢

1

2t“—4t2+7t+ c

J(z? — 8t+ 7)dt =

Example

4
Evaluate J (6\/; - %)dx
1

Solution
It always helps to write everything in exponential form.

[4(5\/} - %)dx - f(sx% — 8x%)dx

Vi Bae=[o:(34) -o(5)|

2 2\ _ e L
4(8)+256) (4+1)—26+128
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> Practice The integrals of €*, sin(x), and cos(x) follow
directly from their derivatives:
Evaluate the following integrals.

Je"dx = ¢° + ¢ because d—‘i(e‘) =€
15. J9x“dx

Jcos(x)dx = sin(x) + ¢ because

16. | 842 du

d,.
a}(sm(x)) = cos(x)

17, [(x - Vx)dx

Jsin(x)dx = —cos(x) + ¢ because
18. [ (6% — 10x + 5)dx

d .
a(—cos(x)) = sin(x)

The integral of In(x) will have to wait until Les-

son 20, though we can use the fact that %(ln(x)) = i

right now. We are inclined to say that

N

o
X
&

19.

S/ Y

—
[

(32 + 4)dx :
J ;dx = In(x) + ¢, but this is not entirely correct.

7

21, f (6x — 4)dx The derivative of In(—x) is d—‘i(ln(—x))
2

= _Lx%(—x) = —_l—x-(—l) = i as well. It

22, | (3" + 97 + 1)dt does not matter if the x inside the natural logarithm is

positive or negative, so we can generalize with the
3

23 (1 - A)dt absolute value | .

S

Jldx = Inlxl + ¢
x

24, J(Sx’ + 1022 — 4x + 2)dx
Incidentally, this nicely fills a hole in an earlier
2 .
25. f (10u* — 4u + 1) du formula:
0 xn+l
Jx"dx = +cif n# -1
9 n+1
26. f 12V/xdx
1
27, dx

—_—
R

(3% — 8x7)dx
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and if n = —1 then

Jx“dx= Jidx=ln|xl +c

Example

Evaluate J(3sin(x) + 5cos(x))dx.

Solution
J(3sin(x) + Scos(x))dx =

—3cos(x) + 5sin(x) + ¢

Example

1
Evaluate l (32 — 5¢)dt.
o

Solution

Il(m2 - 5¢)dt = [f — 5¢],

jl(?}tz — 5¢)dt = (1> — 5¢') — (0® — 5¢")

1
f(szz—sé)dt=1—5e+5=6—5e
0

Example

Evaluate J(f +x+1 +i+ l)dx

b

Solution

J(xz+x+1+1+xz>dx—

J(xz+x‘+x”+x"‘+x'2)dx
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b

%xj+—;-xz+xl+lnlxl—x_l+c

J(xz+x+l+i+l)dx=

J(xz+x+l+l+xz>dx—

—33+—x2+x+lnlxl—l+c
3 2 X

» Practice

Evaluate the following integrals.

29, f(xz — 5cos(x)) dx
(3" + 2x°)dx
3 |La

32. | (0 + 2sin(6))dp

35.

» |
|
|
5. 609 + 27
" |
f
= [




